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Abstract. A Backlund transformation between two hyperbolic Monge-Am- 
pere systems may be described as a certain type of exterior differential system 
on a 6-dimensional manifold B. The transformation is homogeneous if the 
group of symmetries of the system acts transitively on B. We give a complete 
classification of homogeneous Backlund transformations between hyperbolic 
Monge- Ampere systems. 



1. Introduction 

In this paper we will study Backlund transformations between two hyperbolic 
Monge- Ampere equations. A Monge- Ampere equation is a partial differential equa- 
tion of the form 

A{ZxxZyy ^xy) -BZxx + '2C Zxy "t" D Zyy E ~ 

where the coefficients A,B,C,D,E are functions of the Vciriables x, y, z, Zx-, Zy. The 
equation is hyperbolic if it has distinct, real characteristics at each point, i.e., if 
AE - BD + C'^ > 0. 

There are many definitions of Backlund transformations given in the litera- 
ture. Rather than attempting to give an all-encompassing definition, we will use 
Backlund's original notion. In [Q he posed the following general problem: Let 
~ = M^, with coordinates {x,y, z,p,q) on M and {x,y,z,p,q) on M. 
Given four equations 

(1.1) F,{x,y,z,p,q,x,y,z,p,q) ^0, i = l,...,4, 

find parametrized surfaces X : U ^ M, X : U M and a one-to-one corre- 
spondence between them (which may be established by using the same parameter 
domain U for both surfaces) such that the coordinate functions x{u, v), . . . , g(w, v) 
of the two surfaces satisfy the conditions 

Fi{x{u,v), . . . ,q{u,v)) = 0, i = 1, . . . ,4 

dz = p dx + q dy 

dz = pdx + qdy. 

(The last two equations imply that the coordinates p, g, p, q should be regarded as 
the partial derivatives Zx, Zy,Zx,Zy, respectively.) 
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Backlund's approach to this problem was to assume that X is a graph of the 
form 

{x,y,z,p,q) = {x,y,z{x,y),z^{x,y),Zy{x,y)) 

for some known function z{x,y). Two of the equations ( |l.l| ) can be solved for 
the variables x and y, and substituting these expressions into the remaining two 
equations yields equations of the form 

(1.2) f{x,y,z,p,q) = {) 

g{x,y, z,p, q) = 0. 

This may be regarded as an overdetermined first-order PDE system for the function 
z(x, y), and the compatibility conditions for this system take the form of partial dif- 
ferential equations that must be satisfied by the function z(x, y). If z{x, y) satisfies 



these conditions, then the system (1.2) has a 1-parameter family of solutions z{x, y) 



which can be found by solving ordinary differential equations. In this case, the four 



equations (1.1) may be regarded as a transformation of the surface z — z{x, y) into 
the surface z — z(x, y). 

Example: The classical Backlund transformation for the sine-Gordon equation 

(1.3) z^y = isin(2z) 
is usually described by the two equations 

(1.4) z^ + z,j. — \ sin(z — z) 

1 ■ . 

Zy — Zy — — sm(z -t- z) 

X 

where A is a nonzero constant. In Backlund's notation we would write equations 



(U) as 

p ^ p — \ sin(z — z) 

- 1 • . 

q~q^ J sm{z + z), 

together with the two additional equations x = x, y = y. It is straightforward 
to show that if z{x,y),z{x,y) satisfy equations ( |l.4[ ), then both must be solutions 
of the sine-Gordon equation ( |1.3| ). Moreover, if z{x,y) is any known solution of 
( p..3| ), then (1.4) is a compatible, overdetermined system for the unknown function 



z{x, y), whose solution depends only on solving ordinary differential equations. For 
instance, taking z{x, y) — yields 

z(x,y) ==tan"i(e^(^"+i^+")). 
These are the 1-soliton solutions of the sine-Gordon equation. 

The problem that arises in Backlund's approach is that for a generic choice of 



equations (1.1), the compatibility conditions for (1.2) cannot be written as separate 
PDEs for the functions z and z; rather they involve z and z together, and so 
equations ( |l . l[ ) do not give a transformation of the desired form. This raises the 



question: for what sets of equations (1.1) can the compatibility conditions for (1.2) 
be written as separate PDEs for z and z? If this is the case, then the system ( |1.1| ) is 
called a Backlund transformation between the two PDEs. Thus the question raised 
above becomes: what PDEs (or pairs of PDEs) have Backlund transformations? 
This is an open problem which has attracted much attention over the past century. 
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Its difficulty is attested to by the extensive work; that analysts such as Goursat 
m put into investigating special cases, such as equations of the form 

where a,b,c,p are functions of x,y and z. More recently, McLaughlin and Scott 
|l2[ classified auto-Backlund transformations (i.e., transformations for which z and 
z satisfy the same PDE) of equations of the form 

Zxy + azx + bzy = F{z) 

where a and h are constants, and Byrnes pi g eneralized this work by allowing F 
to depend on x and y as well as z. Zvyagin |l5|, [l^ , following Goursat 's approach, 
has studied a certain type of Backlund transformation which he calls harmonic; 
he has also given a classification of Backlund transformations of the wave 
equation z^y = 0, although the descriptions of the systems on his list are somewhat 
unsatisfying and his paper contains no proof. These references represent only a 
small sample of the work that has been done on this problem; it would be impossible 
to give a complete list. 

Although Goursat 's foundational work appears to be highly dependent on work- 
ing in coordinates, he was the first to focus on the geometric structures underlying 
Backlund transformations. This approach has since proven quite fruitful, and these 
structures are best decribed in terms of exterior differential systems. 

An exterior differential system on a manifold M is a differentially closed ideal 
X in the algebra of differential forms on M . Any system of partial differential 
equations can be formulated as an exterior differential system X, and solutions of 
the PDE system correspond to integral manifolds of X, i.e., submanifolds N <Z M 
which satisfy the condition that all the forms in X vanish when restricted to N . 
A Monge-Ampere system X is an exterior differential system on a 5-dimensional 
manifold M that is locally generated by a contact form 6 (i.e., a 1-form 6 with 
the property that 9 t\ dO f\ dO ^ 0), the 2-form Q = d0, and another 2-form A 
Monge-Ampere system X is hyperbolic if the quadratic equation 

(Ae + ;U«')A(Ae + Ai1') = mod 61 

has distinct, real roots. This condition agrees with the traditional definition of 
hyperbolicity, and it implies that there are two independent linear combinations 
XQ + j.i^> which are decomposable 2-forms (i.e., 2-forms which can be written as 
Lu^ A uj"^ for some 1-forms lo^^lu'^) modulo 9. (Sec for a discussion of hyperbolic 
exterior differential systems.) 



Example (cont'd): The sine-Gordon equation (1.3) may be described as a hyper- 
bolic Monge-Ampere system on (with coordinates {x,y, z,p,q)) generated by 
the forms 

9 = dz — p dx — q dy 

O = —dp A dx ~ dq A dy 

* = [dp - i sin(2z) dy] A dx. 

Note that 5" is decomposable; the other decomposable linear combination of 5* and 
is — (^' + 0) = [dq — ^ sin(2z) dx] A dy. Two-dimensional integral manifolds of 
this system that satisfy the independence co ndit ion dx A dy are naturally in 
one-to-one correspondence with solutions of (|l.3| ). 
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Backlund's original notion may be expressed in this context as follows. Suppose 
that (Mi,Ii) and (M2,l2) are hyperbolic Monge- Ampere systems, with 

A Bdcklund transformation between {Mi,Xi) and (Af2,l2) is a 6-dimensional sub- 
manifold B C Ml X M2 which has the following properties: 

(1) The natural projections ni : B AIi and 7r2 : S — > M2 are submersions. 

B 




(2) The pullbacks to B of the forms 8i, 82, ^'i, ^'2 satisfy the condition that 

{*i,*2} = {01,62} mod {01,02}. 

Since Qi, ^1 are linearly independent forms (as are O2, ^2), this condition 
implies that 

{81,^1} = {62, *2} mod {01,02}. 

This second equation is really the desired property; the first equation en- 
sures that, in addition, the forms 81, 02 are linearly independent. 

That this definition captures the desired behavior may be seen as follows: sup- 
pose that N ^ Ml is a 2-dimensional integral manifold of Ii . The inverse image 
TT^^{N) is a 3-dimensional submanifold ofB. Now consider the restriction of 7r2(X2) 
to n^^{N). By Property (2) above, the restriction of 1T2{12) is a Frobenius system 
(i.e., an exterior differential system which is generated algebraically by its 1-forms) 
on TT^^{N). By the Frobenius Theorem, 7r^^{N) is foliated by 2-dimensional inte- 
gral manifolds of 7r2(X2), each of which projects to an integral manifold of (Af2,X2); 
moreover, these integral manifolds can be constructed by solving ODEs. 

From the point of view of Backlund's original problem, any 2-dimensional integral 
manifold S C B of the ideal J = {0i, 02, 81, 82} projects to surfaces Si C Mi, ^2 C 
M2 which are integral manifolds of Xi , X2 respectively. The condition that S be an 
integral manifold of is exactly the requirement that the compatibility conditions 



for the equations (1.2) be satisfied. 

Our primary tool for classifying such structures will be Cartan's method of 
equivalence; this is a method for computing local invariants of exterior differen- 
tial systems and deciding when two systems are equivalent under some natural 
class of diffeoniorphisms. In principle, it should be possible to completely clas- 
sify all Backlund transformations of hyperbolic Monge- Ampere systems using this 
method. Unfortunately, in practice it is rarely possible to carry out this process in 
full generality. In this paper we will perform the somewhat simpler task of clas- 
sifying the homogeneous Backlund transformations, i.e., those transformations for 
which the group of symmetries of the structure {B, Xi, X2) acts transitively on B. 
The main result is the following theorem. 



Theorem (cf. Theorem 12.1). Let B C Mi x M2 he a homogeneous Bdcklund 



transformation. Then B is locally contact equivalent to one of the following 
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(1) A Bdcklund transformation between solutions of the wave equation Zxy = 

(2) A holonomic Bdcklund transformation of the form described in Theorem 

(3) The classical Bdcklund transformation between the wave equation z^y = 
and Liouville's equation z^y = 

(4) A Bdcklund transformation between surfaces of constant negative Gauss 
curvature in E'' 

(5) A Bdcklund transformation between surfaces of constant Gauss curvature 
< K <l m 

(6) A Bdcklund transformation between surfaces of constant Gauss curvature 
-oo < K < -1 in M.^ 

(7) A Bdcklund transformation between spacelike surfaces of constant positive 
Gauss curvature in E,'^'^ 

(8) A Bdcklund transformation between timelike surfaces of constant positive 
Gauss curvature, or equivalently, constant nonzero mean curvature, mE^'^ 

(9) A Bdcklund transformation between timelike minimal surfaces in E^'"'^ 

(10) A Bdcklund transformation between spacelike surfaces of constant Gauss 
curvature 1 < K < oo in S'^'^ 

(11) A Bdcklund transformation between timelike surfaces of constant Gauss 
curvature I < K < oo, or equivalently, constant mean curvature iJ G M, in 

(12) A Bdcklund transformation between spacelike surfaces of constant Gauss 
curvature —1 < A' < oo, K ^ in H^'"'^ 

(13) A Bdcklund transformation between timelike surfaces of constant Gauss 
curvature —l<K<oo, K ^ 0, or equivalently, constant mean curvature 
\H\ > 1, inlP'^ 

(14) A Bdcklund transformation between timelike surfaces of constant mean cur- 
vature \H\ <1 in H^'i. 

(15) A Bdcklund transformation between certain surfaces in a 5-dimensional 
quotient space of SO* {4). 

Throughout this paper we will work locally. Statements such as "assume that 
C 0" should be interpreted as "assume that C is not identically zero and restrict 
to the open set where C 7^ 0" . 

2. The equivalence problem 

Suppose that ;B is a Backlund transformation between two hyperbolic Monge- 
Ampere systems (Mi,Xi) and (M2,l2)- Let be the ideal on B generated by the 
puUbacks of Xi and I2; according to our definition of a Backlund transformation, 
J is generated algebraically by the forms {6*1, ^2, ©i, ©2}- 

Since Ii and T2 are hyperbolic, locally there exist 1-forms w^, w^, w^, on B 
such that {^1, 62, uj^, w^, w'^, w^} is a coframing of B (i.e., a basis for the space of 
1-forms on B) and 

J = {6*1, 62, uj^ Alo^, lu^ Alu'^}. 

(It is important to note that Oi and 82 are each separately determined up to a scalar 
multiple, since 9i determines the contact structure on M, .) Any such coframing has 
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the property that 

d9i = Aiuj^ Auj'^ + A2UJ^ /\uj^ mod {6*1, 6*2} 

d92 = Asuj'^ Auj"^ + Aiuj^ Auj* mod {6*1, 6*2} 

for some nonvanishing fmictions Ai, A2, A3, A4. Since d0i, d02 are required to be 
Hnearly independent 2-forms at each point of B, we must have A1A4 — A2A3 ^ 0. 

By rescahng the cj* and adding multiples of 61 and 6*2 to the cj' if necessary, we 
can arrange that 

(2.1) d6i = AiLU^ Alu^ + uj^ Alu^ mod 6*1 

d02 = uj^ A uj^ + A2 A LU^ mod 82 
for some nonvanishing functions Ai, A2 on B with A1A2 ^ 1. This coframing is 



not unique; any other such coframing {^i, 62, ijJ^ , oj'^, OJ^, 'I'^ 



} has the form 



(2.2) 







611622 - 612621 














" 


-1 


'01' 


02 







011022 — 012021 
















02 












On 


012 






















021 


022 










uj'' 


















611 


612 






















621 


622, 




0J\ 



where 611622 — 612621 ^ 0, 011022 — 012O21 ^ 0. (The inverse is inc lude d for greater 
ease of computation in what follows.) A coframing satisfying (2.1) is called 0- 
adapted, and the group Gq of matrices of the above form is called the structure 
group of the equivalence problem. (In fact, the most general choice of structure 
group would include a discrete component interchanging the distributions {10^,10'^} 
and {uj^,uj*}. However, this freedom does not contribute anything crucial to the 
structure group, and it is easier to work with a connected group.) 

Now consider the exterior derivatives of the . Because 0i is well-defined (up to 
scalar multiples) on Mi, its Cartan system C — {0i,uj^ ,uj'^ ,uj^ ,uj*} is well-defined 
on Ml. (The Cartan system of a 1-form may be thought of as the span of a 
minimal set of 1-forms required to express and d0. It is always a Frobenius 
system; see for details.) In fact. Mi is (locally) the quotient of B by the leaves 
of the foliation defined by C. Let iS-, jt^, jt^, S^, tt^} denote the basis for 



the tangent space of B which is dual to the coframing {6*1, 
ideal 

Ji ^ {9i,uj'^ Auj^,LU^ Alu'^} 
is well-defined on Mi, as are its characteristic systems 

JCii^{0i,uj^ Auj^}, ICi2^{0i,uj^ Auj^}. 
Therefore the Lie derivative £_a_{uj^ Auj^) must satisfy 

06-2 

Q = Cj^_{uj^ Auj"^) mod {01, A 



I2, ^ 1 ^ 1 w , ^ 



The 



002 



(2.3) 



= — _l(dwi Au;2 
06^2 



}^ Adu?) mod {6*1, A w^}. 
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Reducing equation (2_^) modulo yields 

d_ 

and therefore 

d 



duj^^Auj^ = mod {01, uj^}, 



— _ldwi = mod {9i,Lu\uj^}. 

Consequently, du!^ cannot contain any terms involving the 2-forms 92/\uj'^ or 02 Acj^. 
Similarly, reducing equation (2.3) modulo cj^ shows that duj^ cannot contain any 
terms involving the 2-forms 62 A co^ or 62 /\ w"^. An analogous argument using the 
equation 

C^iu^ Auj^) = mod {01, Aw''} 
shows that du;^ and dcu^ cannot contain any terms involving the 2-forms 62 /\uj^ or 

This argument can be repeated for the characteristic systems 
/C21 = {02,w' Aw^i^ /C22 = {02,w^ Al^^} 

of (M2,l2); this shows that duj^ and duj^ cannot contain any terms involving the 
2-forms 9i A uj^ or 9i Aw'*, and dcu^ and dui* cannot contain any terms involving 
the 2-forms 9i A oj^ or 9i fxuP' . It follows that that 

dijj^ = Bi9iA92 + Ci uj^ Auj-^ ^ 



duj^ = B29iA92 + C2 OJ^ A 

duj^ = S3 6*1 A 02 -I- C3 uj^ A uj^ 

duj"^ = S4 01 A 02 + C4 ijj'^ Auj"^ ) 

for some functions Ct on B. 

These equations, taken together with equations (2T), form the structure equa- 
tions 



mod {u}^ ,0}^} 
mod {w'^jW'*} 



(2.4) 



"d0i" 























9i 




61 


d02 







ai + a4 
















92 




82 


dw'^ 










ai 


a2 
































A 




+ 




diO^ 










as 


















dLO^ 
















Pi 












_duj\ 
















/33 


Pa 








1^4 
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where the ai , (3i are 1-forms on B and 



81 


= 7 A 


01 + 


Ai 




2 + A 


62 


= 5 A 


92 + 




Auj'^ + 


A2 uj^ A uj^ 




= Bit 


h A 


6*2 ^ 


-Ci oj^ 


Auj^ 




= B2t 


h A 


6*2 ^ 


-C2UJ^ 


Au" 






h A 


02 4 




Auj'^ 




= Bit 


h A 


6*2 4 




Auj'^ 



for some 1-forms 7, 5 on B. These equations are chosen so that the matrix in ( p.4| ) 
takes values in the Lie algebra go of Gq; this is in accordance with the method of 
equivalence. (See |^ for details.) The functional coefficients of the terms appearing 
in @i, are called torsion terms. 

We can modify the a^,/?; if necessary to arrange that 



7 = £^1 6*2 
S^E2ei 



FlLO^ 
^3' 



F2U;' 

Fauj^ 



for some functions Ei,Fi on B. The forms ai,(3i are still not miiquely determined; 
they are determined only up to transformations of the form 



(2.5) 



ai t-^ ai + ri Lu + r2Lu /3i i-^ 
a2 ^^ "2 + r2 io^ + r-3 uj'^ /?2 1-^ 
I— > Q!3 + r4 uo^ — ri iiP' (5^ 1— : 
q;4 h— !■ q;4 — Ti uj^ — r2 uf^ /?4 1— ^ 
Differentiating the structure equations yields 



I3i + Si + S2 

(32 + S2 + S3 W'* 

(3^ + S4 — Si uj^ 
I3i 



Si to 



S2 W 



= d{d9i 
= -El 9 

= did92 
= -£;2( 

= d{d9i 
^-{Fi 



= d{d9i 

= (-F2 
= did92 

= -(F3 

= d{d9^^ 



mod {6'i,ti;\cj^} 



2 A A 



= 0. 



mod {6*2, w^jw''} 



1 A ti;-^ A 



mod {6*1,0;^} 



El 



+ A1C2) i^'^ A A 

mod {61, uj^} 

+ Aid) uj'^ A uj^ A uj'^ 

mod {6*2, uj'^} 

+ A2C4) uj^ Auj'^ A uj^ 

mod {62, uj^} 

= (-F4 + A2C3) uj^ Auj'^ A uj^ 

Next we examine how the functions Ai, Bi, Ci vary if we change from one 0- 
adapted frame to another. A computation shows that under a transformation of 



^ F2 = 



E. 



-A1C2. 

AiCi. 

-A2C4. 



^ F4 = A2C3. 
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the form (2.2), we have 



Bi 
B2, 

'B3 
A. 

A 
'C3 

C4 



^ _ (aiiQ22 - ai2a2i) ^^ 
(611622 - 612^^21) 

7 (^11^22 - &12&21) . 

Ai = 7 zA-i 

\a\\a22 " ai2a2i) 

(611622 - ^12^21 



- (011022 - 012021) 

(&11^22 - ^12^21) 

(011022 - 012021) 

(aiia22 - 012021) 
(611622 - 612621) 



022 


-012 




'B{ 


-021 


On _ 






" &22 


-612" 




'B3 


-621 


&11 . 




Bi_ 


022 


-O12 




'C{ 


.-O21 


On 






" ^22 


-&12" 




'C3 


-^21 


fell 







From this we see that the functions Ai, A2 and the vectors 



'B{ 




'B3 










B2_ 








C2. 







are relative invariants: if they vanish for any 0-adapted coframing, then they vanish 
for every 0-adapted coframing. 

The general procedure in the method of equivalence is to choose a 0-adapted 
coframing that normalizes the torsion terms as much as possible. This has the 
effect of reducing the structure group to a subgroup Gi C Go which preserves the 
normalized torsion terms. This in turn introduces new torsion terms, which can 
then be further normalized, etc. Ideally, this process eventually leads to a uniquely 
determined coframing whose torsion terms are invariants of the system on B. 
Even in those cases where a unique coframing is not obtained, it may be possible to 
reduce the structure group to the point that some of the torsion terms are uniquely 
determined. Our hypothesis that B is homogeneous implies that once the structure 
group has been reduced to the point that it acts trivially on a torsion term, that 
term must be constant on B. 

In order to proceed with the method of equivalence, we will divide into cases 
depending on whether certain of these invariants are zero or nonzero. 
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3. Case 1: [Ci Cs] = [Cg C4] = [0 0] 

Suppose that Ci = C2 = C3 = C4 = 0. Differentiating the structure equations 
yields 

= d{(h;^) mod {ei,Lu'^,LU^} 

= Bi 6*2 A A ^ Bi^ 0. 

= d{dLu^) mod {61, lu\lu^} 

= S2 6*2 A A w"* => B2= 0. 

= d(dtJ^) mod {6l2,t^^t^'*} 

= B3 6*1 A A ^ B3= 0. 

= d((iw'^) mod {6l2,cJ^w'^} 

= S4 6*1 A A => Bi = 0. 

Now we see from the structure equations that 

dcji = 1 



dw^ = 

duj^ = 
duj^ = 



3d {cj\tj2l. 



mod {uo^ J '-^^}- 



Therefore the systems {lo^ ^lxP} and {w'^jO;^} are completely integrable; this implies 
that there exist functions X, F, P, Q on S (in fact, these functions are well-defined 
on Ml and M2) such that 

The forms {^i, dX, dF, dP, dQ} comprise a coframing on Afi, and by scaling 9i if 
necessary, we can assume that 

(3.1) dOi = (Pi dX + R2dY + P3 dP + P4 dQ) A 6I1 + A dX A dP + dF A dQ 



for some functions A, Ri on Afi with A ^ 0. Differentiating (3J^) and reducing 
modulo 9i and dX A dP yields 

{RidX + R3dP)AdY AdQ = mod {ei,dX A dP} Pi ^ P3 = 0. 

Now differentiating (^) and reducing modulo 9i yields 

[dA - A{R2 dY + R4,dQ)] A dX A dP = mod Oi . 

Therefore there exist functions Ao,Ai, A3 on Mi such that 

dA = Ao 6*1 + Ai dX + AR2 dY + A3 dP + AR4 dQ. 

Now differentiating (^]|) yields 

(dP2 A dr + dP4 A dg + Ao dX A dP) A 6*1 = 0. 

Reducing modulo {dY, dQ} shows that Aq — 0, and so this equation becomes 

(dPa A dr + dP4 A dQ) AOi^O. 
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By Cartan's lemma (see |^ for details), this implies that there exist functions 
R20, R40, R22, i?24, ^44 such that 

(3.2) dR2 = R20 Oi + R22 dY + i?24 dQ 

dRi = Rao + ^1^24 dY + i?44 dQ. 
Differentiating these equations and reducing modulo {61, dY, dQ} yields 
= AR2odX/\dP 



= AR40 dX A dP 



mod {6i,dY,dQ}. 



Therefore -R20 = -R40 — 0, and from (3.2) we see that 

d{R2 dY + i?4 dQ) = 0. 
Let A(Y, Q) be a nonvanishing function such that 

d\ = R2 dY + Ri dQ 

and let §1 = X-'^6i. Then 

(3.3) dei = X-^AdX AdP + X-^dY AdQ. 

Differentiating yields 

d{\-^A) AdX AdP = 
and so the function A = X^^A is a function of X and P alone. It follows that 

d{X-^AdX A dP) ^ d{X-^ dY A dQ) ^ 0. 
Therefore, by Darboux's Theorem there exist new functions 

xi=xi{X,P) 
p,^p,{X,P) 
y,^y,(Y,Q) 
qi=qi{Y,Q) 
such that equation ( |3.3| ) takes the form 

dOi — —dpi A dxi — dqi A dyi 

and 

{uj^,uj^} = {dxi,dpi}, {uj^^uj'^} = {dyi^dqi}. 
Now by Pfaff's Theorem there must exist a function zi on Mi such that 

9i = dzi — pi dxi — qi dyi 
and we sec that Xi is the ideal corresponding to the wave equation 

By the same argument, the ideal I2 on M2 also represents the wave equation, 
and the Backlund transformation is given by equations of the form 

X2 = X2ixi,pi) 
P2 ^P2{xi,Pl) 

y2 = y2{yi,qi) 

92 = 92(2/1,91)- 
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These may be written in PDE notation as 

y = y{y,zy) 

and the nondegeneracy conditions imply that 

Q ^ dp2_dx2_ _ dp2_dx2_ ^ 9^2 9^2 _ dq2 dy2 
dpi dxi dxi dpi dqi dyi 



^0. 



dyi dqi 

These transformations are somewhat more general than typical point transforma- 
tions (or even gauge transformations), in that they do not necessarily preserve the 
space of independent variables. 

Thus we have the following theorem. 

Theorem 3.1. Let B C Mi x M2 be a Bdcklund transformation with C'l = C2 = 
C3 = C4 = 0. Then B is locally contact equivalent to a transformation between 
solutions of the wave equation 

^xy — 

with the property that given any solution, the new solutions given by the transfor- 
mation may be obtained by quadrature. 

Note that in this case the assumption of homogeneity was not necessary. In the 
remaining cases, however, homogeneity will play a crucial role in the analysis. 

4. Case 2: [Ci C2] = [0 0], [C3 C4] ^ [0 0] 

Suppose that Ci = C2 — 0, but C3 and C4 are not both zero. By a transforma- 
tion of the form (2.2), we can arrange that 

C3 = 0, C74 = l, Ai = l. 

A coframing satisfying this condition will be called 1-adapted. If {6*1, 02, t^^^, w^, w'^, 
w"*} is a 1-adapted coframing, then any other 1-adapted coframing 02, w^, o)^, 
a)'^, a)'*} has the form 

(4.1) 



'~ei' 





















-1 


'Oi' 


02 







aiia22— ai2a2i 
















O2 












ail 


ai2 






















0-21 


022 




























1 

























&21 


011022— tll2tl21 
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The same computation as in the previous section shows that Bi — B2 = 0. 
Furthermore, we have 

= d{dLj^) mod {6*1,^3, w''} 

= {P2+ B302) Alu^ Alu^. 

= d{dLJ^) mod {6*2, uj^, Lu^} 

= {P2 - B^Oi) Au^ Au^. 

Together, these equations imply that 

P2 ^Bsdi- B3 02 +Hicu^+ H2 uj^ +H30j^ + Hi uj^ 

for some functions Hi, H2, H3, H4 on B. Similarly, computing d{dLo^) = modulo 
{6*1, w^, a;"'} and {6*2, Ci^^, ti-""*} shows that 

= ai+ ai + B4 6*1 - B4 6*2 + Ji uj^ + J2 uj'^ + J3 oj^ + Ji 

for some functions Ji, J2, J3, Ji on B. By taking advantage of the ambiguity ( ^.5[ ) 
in the forms (3i, we can assume that 

Hi = Hi = .h = 0. 

Now computing d{dOi) = mod 61 shows that 

Pi = Ko9i+ Bi 62 + KiLo^ + K2 ^2 + w3 _ ^4 

for some functions Kq, Ki, K2 on B. 

Under a transformation of the form ( [4.11 ), the function A2 remains unchanged; 
therefore by our assumption of homogeneity it must be constant. Moreover, the 
nondegeneracy assumptions imply that A2 ^ 0,1. So 

= d{de2) mod 02 

= -A2[{Ko + Bi) 01 + {Ki + Ji)oj^ + {K2 + J2) uj^] Aoj^ A oj\ 

which implies that 

= -Bi 
Ki = -J I 
K2 = -J2- 

Now we have 

= ^(^6*1) = Ti A6I1 
= d{de2) = T2 A 6I2 

where 

Ti = dai + dai + ( Ji uj^ + J2 lu'^) Auj^ - {Hi uj^ + H2 w^) A w"* - J4 A uj* 

T2 = dai + dai + ^2[(Ji + -^"2 t^^) A uj^ - {Hi lu^ + H2Lo'^) A cj"* - J4 A uj^]. 

These equations imply that Ti must be a multiple of 9i and T2 must be a multiple 
of 6*2 , so 

0=T2-Ti mod {01,02} 

= {A2 ~ l)[{Ji + J2 w^) Au)^ - {Hi + H2 u?) Au^-JiU^ A uj% 

Therefore, 

Hi = H2 — Ji — J2 = J4 = 0- 
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The structure equations for a 1-adapted coframing now take the form 



(4.2) 



'ddl' 




ai + a4 



















Oi 




ei 









ai + a4 
















O2 




62 


duj^ 










ai 


a2 
































A 




+ 




dw^ 










as 


a4 
















dw^ 






























_du!^_ 
















/?3 


ai + C(4 




u;4 







where 

61 =uj^ Alj^ +LJ^ Aiu^ -ei) 

62 = A + A2 LO^ A (w"* - 6*2) 
= 

02 = 

^3 = ^3 (61^ _ t^4) ^ _ ^4^ ^ _ ^ ^3 

^4 = 5^ (51^ _ ^ _ ^4) ^ ^1 

Now 

= ^(^6*1) = -d{ai + a4) A 9i, 

and so 

d{ai + 0:4) = ip A 9i 

for some 1-form i/l". Differentiating this equation and reducing modulo 9i yields 

-■0 A (w^ A + A w^) = mod^i. 
But since Aw'^ +u}^ A is nondecomposable, this implies that 

^ = mod ^1 

and hence that 

d{ai + ai) = 0. 

Therefore, there exists a nonvanishing function A on S such that 

A^^ dX = —{ai + Q!4). 

We can choose a new 1-adaptcd coframing in which 9i is replaced by X~^9i. 
This coframing will have the property that 

ai + a4 = 0. 

Now we have 

d{uj^ A u?) = 0, 

and so by Darboux's Theorem there exist functions x,p onB (which are also well- 
defined on Ml and M2) such that 

uj^ Auj'^ = dx A dp. 
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Therefore 

= d{dei) = d{oj'^ A {u}'^ - 61)) 
= d{de2) = d{A2 uj^ A {uj^ - 62)). 

Again by Darboux's Theorem, there exist functions yi,q\ on Mi and 2/2, 92 on M2 
such that 

A (w"' - 6*1) = dyi A dqi 
A2UJ^ A{uj^ -62) =dy2Adq2. 
By Pfaff's Theorem there exist functions zi on Mi and Z2 on M2 such that 

6*1 = dzi — pdx — Qi dyi 
62 = dz2-pdx - q2 dy2- 
The ideals Ii , I2 now take the form 

2'i = {^1, LO^ A w^, LO^ A (w* — 61)} = {dzi — pdx — qi dyi, dx A dp, dyi A dqi} 
^2 = {02, A w^, A2 LO^ A (w^ — ^2)} = {dz2 — pdx — q2 dy2, dx A dp, dy2 A dq2}. 
Both represent the wave equation 

and the Backlund transformation is given by equations of the form 

X2 = Xl 

y2 = y2{xi,yi,zi,Z2,pi,qi) 

P2 =Pl 

92 = q2{xi,yi,zi,Z2,Pi,qi)), 

or, in PDE notation, 

X = X 

y = y{x,y,z,z,z^,Zy) 

Zy = Zy{X, y, Z, Z, Zx, Zy). 

As in the previous case, these transformations do not in general preserve the space 
of independent variables. 

Thus we have the following theorem. 

Theorem 4.1. Let B C Mi x M2 he a homogeneous Backlund transformation with 
one of the vectors [C\ C2], [C3 C4] identically zero and the other nonzero. Then 
B is locally contact equivalent to a transformation between solutions of the wave 
equation 
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5. Case 3: [Ci C2], [C3 d] ^ [0 0] 

Suppose that t he v ectors [Ci C2], [C3 C4] are both nonzero. By a transforma- 
tion of the form (2.2), we can arrange that 

Ci = C3 = 0, C2 = C4 = 1. 

A coframing satisfying this condition is called 1-adapted. If {61, 62, OJ^, w^, uj^, lu'^} 
is a 1-adapted coframing, then any other 1-adapted coframing {^i, 02, 



UJ\ UJ% cj-^. 



} has the form 



(5.1) 



'h' 




0.22 














" 


-1 




02 







&22 
















02 












622. 

022 

























a2i 


022 




























022 

622 













_ 











^21 


622. 







Similarly to the previous case, computing 

d{duj^) = mod {ei,uj\Lu'^} 
d{duj^) = mod {6'2,w\w2} 
d{dLO^) = mod {6*1,^3,^4} 
diduj^) = mod {6'2,^^^t^^} 

shows that 

aa = A2B1 61 -6162 + Gi uj^ + G2 + G3 uj^ + G4 

/32 = B3 6I1 - A1S3 92 +HlLU^+ H2 UJ^ +H3UJ^ + Hi OJ^ 

for some functions Gi,Hi on B. By taking advantage of the ambiguity ( |2.5| ), we 
can assume that 



Gi — G2 



_ff 3 — Ha 



0. 



Now computing 



d{duj^) = mod {ei,uj\uj^} 

d{duj^) = mod {6'2,w\w2} 

d{duj^) = mod {6*1,^3,^4} 

d{doj^) = mod {6l2,^^^cJ4} 



shows that 
ai = 



134 



0.4 



3481 + A1B4 02 + Jioj'^ + J: 



2UJ- 



I3i^ a4- (34- A2B2 01 + B2 02 + Ki uj'^ + K2uj^ + K3 lu^ + K4 uj^ 

for some functions Ji,Ki on B. Using some of the remaining ambiguity ( ^.5[ ), we 
can assume that 
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The structure equations for a 1-adapted coframing now take the form 



(5.2) 



'd9i' 




ai 



















01 




ei 









Pi 




















62 


duj^ 










Pi — ai 



































A 




+ 




duj^ 










as 


ai 
















duj^ 
















OLi — Pi 







^3 






duo^ 
















P3 


Pi 











where 

ei 

62 



9i A [B2 02 + Aiu;^+ K2 UJ^ + JsTs 'J' + Ki uj"^) + cj^ A cj^ + lj^ A lj" 
02 A {-Bi 6*1 + Ji tj^ + J2 uj^ + A2 iJ" + J4 w") + A + ^2 A 
A {-Bi 9i + AiBi 62 + J2 + J4 

+ ^ (A2B1 61 -B162 + G3 + Gi uj^) + Bi9iA 02 
B2 6*1 A 6*2 + A 

A (-^2^2 01 +B2 02 + K2 + Ki U^) 

+ tj'* A (S3 6*1 - A1B3 92 + Hiuj'^ + H2 uJ^) + B3 6*1 A 92 
Bi9iA92+uj^Auj'^. 



A computation shows that under a transformation of the form (5.1), we have 



'Bi 




' (022)' ■ 




'B{ 


.B2. 




_— a2ia22 ^'22. 




B2_ 


'B3 




" {b22)' ■ 




'B3 


Bi. 




_— 62I&22 022. 




Bi. 



In particular, the functions Bi, B3 are now relative invariants. In order to proceed 
further, we will need to divide into cases depending on the values of the Bi. First 
we prove the following lemma: 

Lemma 5.1. For any 1-adapted coframing as above, the vectors [Bi B2], [B3 Bi] 
are either both zero or both nonzero. 

Proof. Suppose that Bi = B2 = 0. Then 

= d(dw2) mod{w\w2} 
= 6li A6i2A(S3 uj'^-BiLo^). 
Therefore, Bj, = B4 = 0. A similar argument demonstrates the converse. 

6. Case 3A: [Bi B2] = [S3 Bi] = [0 0] 



q.e.d. 



Proposition 6.1. In this case we can choose a 1-adapted coframing for which 



Ai,A2 are constant and {ai,Pi} G spanjo;^, 
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Proof. Under a transformation of the form (5.1), we have 



il 


0.22 






I, 2 
O22 








Gz 


3 
^22 


2 7 

I «22021^ 
^22 


Ga 


— G A 




Hi 


22 TT 
— -^tl\ - 

'^22 






1,2 TT 

- O22 J^2 




Jl 


^22 

= —Jl 4 

022 


h 

' 021 J2 H — 


■h 


= 022 J2 4 


- 622^21 -^2 




— &22 Ja 




K2 


— O22 K2 






«22 T. 
= 7—^3 
O22 


f 621 K4, + 


Ki 


= 622 Ki - 


- O22O21 G4 



-Hi 



'-22 



^22021&21 
O22 



^2 



Q22°21 
"22 



G. 



022021621 



Ga 



By the homogeneity assumption, we can choose a 1-adapted coframing for which 
all the torsion functions are constants. For such a coframing, we have 

= d{dei) mod 6*1 

EE [Ai (a4 - (3i) + {A1K3 + {AiK^ - A1J4) cj4] Auj^ Auj^ 

= d{d02) mod 6*2 

= [A2 (/34 - 04) 4- (A2 Jl - 1) 4- (A2 J2 - ^2i^2) w^] A A w^. 
Together these equations imply that 



1 



A. 



(34 = ai+[-r-Ji]^' + iK2-J2)uJ^+[K3^ — ]u;^ + (K^ - J4) lo\ 



1 



^1 



so it suffices to show that 0:4 € spanju;^, w^, w'^, w''}. For this we divide into cases 
depending on whether certain of the torsion functions are zero or nonzero. 



HOMOGENEOUS BACKLUND TRANSFORMATIONS 



19 



Observe that the functions 04,-^2,^4, K2 are relative invariants. Moreover, 
we have 

Q = d{du^) mod{a;\a;^} 

= -2G4 a4 A A uj^ 
= d{duj^) mod{w\w^} 

= 2H2 q;4 A A w"' 
= d{duj^) mod{w\w2} 

= - J4 Q!4 A A w"* 

= (i(dwi) mod {uj^,LO^} 

= -K2 ^4 A cj^ A o;^. 

So if any of these invariants is nonzero, we conclude that 0.4 G spanjo;"'^, w^, 
w^, w^}, as desired. 

If G4 = H2 = J4 = K2 = 0, then the functions G3 , iJi , J2 , i^4 become 
relative invariants and we have 

= d{duj^) mod 

= (-G3 a4 + G3i!'4 w^) A A 
= rf(cL;^) mod 

= (ifi 04 - 2H1J2 w^) A A 
= rf(cL;^) modjwSo;^} 

= J2 0:4 A A 
= rf(cL;^) mod{w^a;^} 

= —K4 a4 A A w^. 

So if any of these invariants is nonzero, we conclude that G spanjo;^, w^, 
w^, Lv"^}, as desired. 

If Gs = G4 = Hi = H2 = J2 = J4 = K2 = K4 = 0, then we have 
= d{dei) 
= {-da4 + Qi A w^) A 9i 

= d{de2) 

= {-da4 + Q2 A cj^) A 02 

where Qi, <32 are certain functions of the constants Ai,A2, Ji^K^- Together 
these equations imply that Q\ = Q2 and that 

rfa4 = Q A + Z 01 A 62 

where Q = Qi = Q2 constant and Z is some function on B. Differentiat- 
ing this equation and reducing modulo 9i yields 

= d{da4) mod 9i 

= Aw^+w^Aw"*). 
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Therefore Z = 0, and we have 

da4 = Qoj^ A uj^. 

Moreover, since 

doj^ = ^ J- - Ji^ uj^ A uj^ 

we conclude that da4 is a constant multiple of at least one of duj^, duj^. (It 
is straightforward to check that if dui^ = dui^ = 0, then da4 = as well.) 
Without loss of generality, assume that da4 is a constant multiple of du^. 
Then there exists a nonvanishing function f on B and a constant C such 
that 

The only remaining torsion terms in this case are Ai,A2,Ji, K3. Note that 
these terms all remain unchanged under a transformation of the form 
with &22 — 0,22- Moreover, if we take 022 = ^22 = /, the new coframing 
satisfies the condition that 

a4 — C uj^ 

and we have 0:4 G sp'An{uj^ , uj"^ , oj^ , uj^} , as desired. 

q.e.d. 

Now suppose that we have chosen a coframing as in the proposition. The forms 
{w^, w^, w'^, w*} form a Frobenius system, and so locally there exists a 4-manifold 
N which is a quotient of B and for which the 1-forms u;^ , cu'^ , oj^ , oj'^ are semi-basic 
for the projection B ^ N . (Here "locally" refers to the fact that any point in B 
has a neighborhood which possesses such a quotient, and "semi-basic" means that 
the restrictions of the oj* to the fibers of the projection vanish identically. See [|| 
for details.) In fact, this quotient fibers through each of the quotients tt^ : S — > Mi, 
as shown. 




Moreover, we have 

d{uj'^ A cj^) = -/34 A A cj^ - J4 cj^ A cj^ A tj'' - cj^ A A oj^ 

d{uj^ A UJ^) = ~a4 /\ LJ^ A ui'^ - K2Uj'^ /\ uj^ A Lo'^ - UJ^ A uj'^ /\ UJ^, 

and so d{uj^ A w^), d{uj^ A to'^) € A^{{lu''}). Therefore the forms uj^ A uj'^, A to' 

are well-defined on N. 

From the structure equations (|5.2|) , we now have 

^6*1 = 7 A 6*1 + Ai uj^ A uj'^ + LU^ A lu'^ 
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for some 1-form 7 on S which we can assume is a hnear combination of 62 and the 
Lj'; moreover, Ai is constant. Differentiating this equation and reducing modulo 9i 
and A'^doj*}) shows that in fact 7 is a hnear combination of the alone. Then 
differentiating and reducing modulo A'^dw*}) yields 



By an argument identical to that given in Case 2 for the form ai + q;4, it follows 
that 



Since this is a closed form which is semi-basic for the projection S — > iV, it is in fact 
a well-defined form on A^. By Darboux's Theorem there exist functions xi, yi,pi, qi 
on A^ such that 

d9i = —dpi A dxi — dqi A dyi. 

Then by Pfaff's Theorem there exists a function zi on Mi such that 

9i = dzi — pi dxi — qi dyi- 

A similar argument shows that there exist functions X2,y2,P2; 92 on A^ and Z2, ^J. on 
M2 such that 02 = fJ,92 has the form 

02 = dz2 - P2 dx2 - q2 dy2 ■ 

The ideal I = {uj^ AljP , uj'^ A o;^} on A^ is now spanned by the forms 

{dpi A dxi + dqi A dyi, dp2 A dx2 + dq2 A ^^2}, 

and the ideals Ii , I2 are integrahle extensions of X. (For a definition and discussion 
of integrable extensions, see Q.) The equations defining the Backlund transforma- 
tion are simply those defining the change of coordinates on A^: 



= d7 A 6*1 mod 



but this implies that in fact 



d7 A 6*1 = 0. 




(6.1) 



X2 = X2{xi,yi,pi,qi) 

y2 = y2{xi,yi,Pi,qi) 

P2 =P2{xi,yi,Pi,qi) 
92 = q2{xi,yi,pi,qi), 



or, in PDE notation, 



X — x(x, y, Zx^ Zy^ 
y — x(x, y, Zx^ Zy) 
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Note that if z{x, y) is a known solution of the PDE corresponding to the ideal 
(Mi,Ii), the corresponding solution z{x, y) of the PDE corresponding to the ideal 
(M2,l2) can be constructed by quadrature. 
We have proved the following theorem: 

Theorem 6.2. Let B C Mi x M2 he a homogeneous Bdcklund transformation with 
the vectors [Ci C2], [C3 C4] both nonzero and Bi = B2 = B3 = = 0. Then 
B arises in the following way: let {xi,yi,pi,qi}, {x2,y2,P2, ^2} be two sets of local 
coordinates on a J^-manifold N such that the 2-forms 

{dpi A dxi + dqi A dyi, dp2 A dx2 + dq2 A dy2} 

span a hyperbolic pencil (i.e., there exist two distinct linear combinations of these 
2-forms which are decomposable) at each point of N . Let 

Ml — N X M. with coordinate zi on the M factor 

M2 = N xM. with coordinate Z2 on the R factor. 

Let Xi be the ideal on Mi generated by the forms 

61 — dzi — pi dxi — qi dyi 
dOi = —dpi A dxi — dqi A dyi 

Ti = dp2 A dx2 + dq2 A dj/2 
and let I2 be the ideal on M2 generated by the forms 

62 = dz2 - P2 dx2 - (J2 dy2 
d92 = -dp2 A dx2 - dq2 A dy2 

T2 = dpi A dxi + dqi A dyi. 
Then B C Mi x M2 is defined by the equations (|6.l[) . 



Zvyagin [T5| calls Backlund transformations with Si = ^2 = -B3 = -B4 = 
holonomic. It can be shown that even without the assumption of homogeneity, any 
holonomic Backlund transformation arises locally from a hyperbolic system 

on a 4-manifold N such that (Mi,Xi) and (M2,l2) are integrable extensions of 
(iV, I). These transformations are generally of limited interest. 

7. Case 3B: Bi^B^^ 0; -82,^4 7^ 
First we compute that 

= d(dw^) mod{t^\w2} 

= B2eiA62A{Gzuj^ + Giuj^) ^63 = 64 = 
Q = d{duj^) mod{w^w^} 
= B4,eiA62A{Hiuj^ +H2uj'^) ^Hi=H2 = 0. 



Next we observe that under a transformation of the form (5.1), we have 

B2 = ^22-62 
B4 = 022^4, 
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SO we can choose a coframing with B2 — — I. Such a coframing wiU be called 
2-adapted; any two 2-adapted coframings differ by a transformation of the form 



(7.1) 



01 




"1 














0" 


-1 




02 







1 
















B2 


Co^ 










1 















Cj^ 










021 


1 












Co^ 
















1 

























&21 


1 







For a 2-adapted coframing, computing 

d{duj') = mod {lj^,uj^} 
d{duj^) = Q mod{w^^^'*} 

shows that 



04 



= Li0i + L2 02 - {Ai + Ji + 1)lo^- ( J2 + K2) oj^ + M: 



3tJ 



Pi = 1361 + Li 6*2 + Ml + M2 Lo' - {A2 + K3 + l)uj'^- ( J4 + Ki) uj'^ 

for some functions Li, Mi on B. 

It is straightforward to show that under a transformation of the form (7.1), the 
functions Ai, A2, J2, J4, K2 , K4 , Li, L2, L^, L4, M2 , M4 remain unchanged. By our 
assumption of homogeneity, they must therefore be constants. Moreover, 

Jl = Jl + 021 J2 

= K3 + b2lK4 

Ml = Ml + 021 M2 
M3 = Ma + 621 M4. 
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Now we compute: 

O=d{d0i) mod {61,02, iu^} 

= Ai (M4 + 2K4) A A M4 = -2K4 

Q=d{de2) mod {fill, 6»2,a;^} 

= A2(M2 + 2J2)a;^ Aw^ Aw^ M2 = -2J2 

Q=d{d6i) mod {6'l,a;^a;^} 

= Ai (L2 - -^4 - ^1 + 1) 6*2 A A L4 = ^2 - ^1 + 1 

Q=d{d62) mod {6l2,w\w^} 

= ^2(^3 - Li + ^2 - 1) 6*1 A A L3 = Li - A2 + 1 

O=d(d0i) mod {6*1, 6*2, w"} 

= (A1M3 + 2A1K2, + A1A2 + Ai - 1) A A 

^ M3 =-2/^3-^2-1-^ 

0=rf(rf6l2) mod {6ii,6»2,a;^} 
= {A2M1 + 2A2J1 + A1A2 +A2-I) A A uj^ 

Ml = - 2 Ji - Ai - 1 - ^ 

^2 

0=d((i6'i) mod{w^w^a;''} 

= J2 ^1 A 6*2 A J2 = 

= d(d6'2) mod {wSw^.w^} 

= 7^4 6I1 A 6I2 A ii'4 = 0. 
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Therefore the functions Ji , if 3 in fact remain unchanged under a transformation of 
the form {TA), and so they must be constants as well. Next we compute: 

= d{diu'^) mod{w^w^w*} 

EEE (-Li - AsLs) 6I1 A 6I2 A ^ Li = -A2L2 

= d(dw^) mod {w^w^cj"*} 

= -K2 6*1 A 6I2 A ^1 ^ K2^0 

= d{dei) mod {6l2,w^w*} 

= (A1A2 - 1)(L2 + 1)6*1 A A =^L2 = -1 

= d{duj^) mod {^^^^^^CJ'*} 

= -746*1 A 6*2 A =^ J4 ^ 

= d{dei) mod{w^w^w*} 

= -(Jl + Ai + l)6li A6I2 A =4>Ji = -Ai-l 

= ^(^6*1) mod {uj\uj^,Lu^} 

= -Ai{K3 + A2 + 1)01 A 02 A uj^ ^K3 = -A2-l 
= d{diu^) mod {611,^2,^4} 

= (Ai + 1)(A2 + 1) 02 A A c^^ ^ {Ai + 1){A2 + 1) = 0. 

Without loss of generality, we can assume that A2 = —1. Then 

= d(rf6l2) = ~ '^^ 6>2 Au;^ Au;^ ^ Aj = 1. 
A\ 

Since A1A2 — I 7^ 0, we must have = 1. The structure equations for a 2-adapted 
coframing may now be written as 

^6*1 = 6I1 A (w^ + uj^) + uj'^ A uj'^ + Lu^ A Lu'^ 

d92 = -6*2 A (uj^ + uj^) + uj'^ A bj'^ - uj^ A uj'^ 

duj^ = A (6I1 + 6*2 - oj^) 

duj'^ = -as Alo^ -uj"^ A {Bi +62- oj'^) + Bi A 62 + ijj'^ A 
dto^ =UJ^ A (6*2 -6I1 - w^) 

daj"^ = ~(33 Auj^ -u^ A (62 - Oi ~ w^) + 6*1 A 6*2 + A 

for some 1-forms 013, /^a on B. 

Now suppose that {6*1, 6*2, w^, ti-"^, w"^, w^} is any 2-adapted coframing. Since 

duj^ = mod uj^ 

dio^ = mod uj^ 

there exist functions x, y, ri, r2 on B and nonzero constants Ai, A2 such that 

Aie*^! dx, uj^ = A2e'^^ dy. 
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Since the systems {6'i, w^, w'^} and {02, oj^,uj^} are completely integrable, there must 
exist functions zi, Z2,pi,P2,qi,q2, pi, p2 on B, with pi,p2 nonvanishing, such that 

^1 = pi{dzi -pidx- qi dy) 

O2 = P2{dz2 -P2dx- q2 dy). 

Moreover, since 

d9i,d92=0 mod {uj^,uj^}, 

Pi must be a function of the variables x,y,zi alone and p2 must be a function of 
the variables x, y, Z2 alone. By making the contact transformation 

X = X 



Substituting the expressions given above for 9i,02,to^ into the equations for 
du^jdui^ yields 



y = y 




we can assume that pi = /O2 = — 2" 




mod {dx, dy}. 



Therefore we have 



n = ^{Z2 + zi) + f{x,y) 
r-2 = 1(2:2 - zi)+g{x,y) 



HOMOGENEOUS BACKLUND TRANSFORMATIONS 



27 



for some functions f,g. By making the contact transformation 

X = X 

y = y 

Si= zi + f{x,y) - g{x,y) 
Z2 = Z2 + f{x,y) +gix,y) 









dg_ 


Pi 




dx 


dx 






df 


dg 




= J32 H 


h — + 
dx 


dx 








dg 


qi 


= qi^ 


dy 


dy 






df 


dg 


92 


= 92 ^ 


' — + 
dy 


dy 



UJ 



we can assume that f — g — 0. Now substituting into the equations for duj^,duj^ 
yields 

(7.2) =2Aie^(^^+^i) 

(72 + 91 = 2A2e^(^^-"i). 

The equations for dOi , d92 imply that 

--^e-5(-2+^i)(^p2 - 2AiA2e^^ dy) - 02 mod tj^ 
2Ai 

^ = ^e-5(^2-^i)^q^ ^gi^ 

2A2 

= ^e-^^^'-'-'''>{dq2 - 2AiA2e^^ da;) + 6*2 mod w^. 
2A2 

By scaling x and y if necessary, we can assume that 

A - ^ - ^ 

for some nonzero constant A. Then equations ( [7.2[ ) become 

(7.3) p2 -Pi = %/2Ae5(^^+^i) 

92 + 91 = ^e5(^^-^i), 

or, in PDE notation, 

= \/2Ae5(^"+^) 

This is the classical Backlund equation between the wave equation 
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and Liouville's equation 



We have proved the foUowing theorem. 

Theorem 7.1. Let B C Mi x M2 be a homogeneous Backlund transformation 
with the vectors [Ci C2], [C3 C4], [Bi B2], [B^ B4\ all nonzero and the pairs 
[Ci C2], [B-i B2] and[Cz C4], [-B3 B4\ both linearly dependent. Then B is locally 
contact equivalent to the transformation ([7.3[) between the wave equation 



= 



and Liouville 's equation 



8. Case 3C: Exactly one of -61,-83 is nonzero 

Without loss of generaUty, we can assume that Bi ^ 0, B^ = 0. Under a 
transformation of the form (5.1), we have 



il 


= ^Ai 




022 


A2 


- 7—^2 




O22 


Bi 


= (a22)'Bi 


B2 


= —0210225 


Bi 


— 022-64. 



By Lemma 5.1, the function -B4 must be nonzero, so we can choose a coframing 
with B2 = 0, Ai = B4 = 1. Such a coframing will be called 2-adapted. By 
our homogeneity assumption, the functions A2 , Bi are constant for any 2-adapted 
coframing. Moreover, any two 2-adapted coframings differ by a transformation of 
the form 



(8.1) 







"1 














0" 


-1 


'01 


02 







1 
















02 












1 




























1 




























1 

























&21 


1 







For a 2-adapted coframing, computing 

d{dw^) = {) mod{w\w2} 

shows that 



a3 = Li 6I1 + L2 6*2 + Ml + M; 



2UJ 



Bi 
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for some fonctions Li, Mi on B. Using some of the remaining ambiguity (2.5), we 
can assume that Mi = 0. Computing 

d{du^)=Q mod{w\w2} 

d{dLu'^)=0 mod{^^^w4} 

shows that 

a4 = Pi 01 + P2 02 - {Ji + + [Bi - J2 - K2) uj'^ - \{A2 + X3) 
for some functions P\,P2 on B. Computing 

d{dBx) = mod 6*1 
did02) = mod 6*2 

shows that 

= (P, + 1) 0, + (P, - 1) + ii^A^-^^ ^1 



{Bi-2J2)uJ^ 



(K3-A2-2) 3 , (i^4-2J4) 4 



It is straightforward to show that under a transformation of the form ([7J|), the 
functions G4, Ji, J2, J4, K2, K4, Li,L2, M2, Pi, P2 remain unchanged. By our as- 
sumption of homogeneity, they must therefore be constants. Now we compute 

= d{duj^) mod {uj^,uj'^} 



= {Hi uj^ + H2 uj'^) A Si A 02) 
O = d{d0i) mod {uj^,uj^,uj^} 

= ^K40iA02Auj^ 
O = d{d0i) mod 

= Pi(Ji + l)6ii A6'2Aw^ 
O = d{d0i) mod{uj\LU^} 

= -G4 6*1 A ^2 A 
O = d{d0i) mod {uj^,uj^} 

_ {A2L2{Bi - J2) ~ P2) 



Hi — H2 



K4 = 



Ji = - 
6*4 = 



1 



Ao 



O = d{d02) mod{w^u;3} 
= (-ii(Pi - J2) + Pi) 01 A 02 A 
Next we compute 

= d{d0i) mod 



A 6*2 A => P2 = A2L2{Bi - J2) 

^ Pi = Li(Pi - J2). 



= [(ii + A2P2 + A'/2)(^2 - Pi) - K2] 01 A A < 
= d{d02) mod uj^ 



{Li + A2L2 + M2){J2-Bi)-^ 

A2 



92 Alj^ Alj^. 
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Since A2 ^ 1, these equations imply that K2 = 0. Now 

= d{duj^) mod {612,^2,^3} 
= -{L1J2 + 1) 6*1 A A w"*. 
Therefore Li, J2 are both nonzero, and 

Next we compute 

Q = d{duj^) mod {6'2,t^\t^^} 

= Bi{A2 + l)eihuj^huj^ ^A2 = -l 
Q = d{dLo^) mod {6li,u;^w3} 

= d{duj'^) mod 
= B1M2 Si A 02 A ^ M2 = 0. 



Now it is straightforward to check that under a transformation of the form (7.1), the 
functions G3, remain unchanged; therefore they must be constants. Continuing, 
we have 

= d{duj^) mod {6*1, w*} 

EE - J4 A A uj'^ =^ J4 = 

= d{duj^) mod{6ii,6i2} 

= ^ A A ^ A3 = 1 

= d{dei) mod {6l2,^^^cJ''} 

= d(d6ii) 

= (Bi - G3) 6I1 A A ^G3=Bi. 

In summary, we have now shown that the structure equations of a 2-adapted 
coframing take the form 

dOi = 6*1 A {Uj'^ + LU^) + LO^ A Lj'^ + LJ^ ^ UJ^ 

de2 = -O2 A {bJ^ + uj^) + uj'^ A uj^ ~ uj^ A uj* 
(8.2) duj^ = Bi {9i A92 + 0iAuj^ + 92Au^+uj^A u^) 

duj'^ = — (6*1 + 6*2 - Lj^) A + cj^ A 
Bi 

dw^ = (6*1 - 6*2 - Bi tj2) AtJ^ 

dw'' = -/33 A w'^ + 6I1 A 6I2 - 6I1 A + 02 A + Bi A + A 
for some 1-form /33 on B. 

Lemma 8.1. We can choose a 2-adapted coframing with = 0. 
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Proof. We will make liberal use of the fact that Ps is only well-defined modulo 
uj^ , so we can add multiples of uj'^ to (5^ at will. 

Suppose that (3j,^Q. Differentiating the last equation in (8.2) yields 

= d(<iw^) = [-d/33 + -2{6i - 02 - Bi uj^) A /Sg] A w^; 

therefore 

(8.3) d/33 = -2(6li lu^) A mod uj^. 

By the Frobenius Theorem, there exist functions x, y, A, fj,,i> on B such that 

= da; 

— dy + f dx. 

In fact, because of the w'^-ambiguity in /Jg, we can a ssum e that v = Q. 
From the equation for duj'^ in ( ^.2|) and equation ( ^.3|) we have 

[dA - (6li -02-Bi Lo^)] A = 

+ 2(6li - 6*2 - Sitj^)] A /33 = mod 

It follows that 

dX = 9i - 02 - Bi uj"^ + ri dx 

dfi = -2(6*1 -62- Bi uj"^) +r2dx + 7-3 dy 

for some functions ri,r2,r3 on S. Therefore d{pL + 2A) is a linear combination of 
da; and dy. This implies that there exists a function /(a;, y) such that 

M + 2A = /(x,y). 

Thus we have 

/33 = e-^^ef^-'y^dy, 

and by replacing the function y by the function ^ e^'^^'^^dy (and adding multiples 
of to Ps if necessary) we can assume that 

/33 = e-^^dy. 

From the structure equation for du)^ in (8^), it follows that under a change of 
2-adapted coframing of the form 

Lj'^ — Uj"^ — 621 

we have 

h= Pi+ db2i + 2621 dA 
= e^^^dy + db2i + 2621 dA. 
Taking &21 = —ye^'^^ yields P3 = 0, as desired. q.e.d. 
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For a 2-adapted coframing as in the lemma, the structure equations take 
the form 



duj^ 
duj^ 



-6*2 A {uj^ + uj^) + uj'^ A uj"^ ~ uj^ A uj^ 
BiiOi A 02 + 01 A 10"^ + 02 A Lu'^ + uj'^ A uj^) 

4- (^1 +02- UJ^) A cj^ + tJ^ A t^" 
^1 



{0i-02-Bi uj^)Auj^ 

01 A 02 - 01 A uj^ + 02 A uj^ + Bi uj'^ A UJ^ + uj'^ A . 

The intepretation of these equations requires some prehminaries regarding the ge- 
ometry of frame bundles, which we will postpone until after the next section. 

9. Case 3D: ^1,53 7^ 



Under a transformation of the form (5.1), we have 



il = 


^22 . 
— Ax 






022 




M = 


022 , 






O22 




= 


(022)'Si 






— 021022-61 - 


f 622^2 




{h22fBz 




B4 - 


— 621622^3 " 


- 0,22 B 4 



Since -Bi, S3 7^ 0, we can choose a coframing for which -82 = -84 = and Bi, B3 
are constants. Such a coframing will be called 2-adapted. A 2-adapted coframing 
is uniquely determined by the constants Bi and B^, and by the homogeneity as- 
sumption, all the other torsion functions are constants as well. For now we will not 
specify the values of Bi and B3; rather we will use this ambiguity to specify the 
values of other torsion coefficients in what follows. 
For a 2-adapted coframing, computing 

d{duj'^) = mod{cj\tj2} 



shows that 



as 



d(dw*)=0 mod{w^^^^} 

Li 01 +12 02 + Ml + M2 

Bi 



B3 4 



L3 01 + L4 



B, 



for some functions Li, Mi on B. Using the remaining ambiguity (2.5), we can assume 
that Ml = M3 = 0. Computing 

d{duj^) = mod{cj\w^} 

d{duj^) = mod {lj^,uj^} 



HOMOGENEOUS BACKLUND TRANSFORMATIONS 



33 



shows that 



4 



ai = Pi ^1 + P2 62 + Qi + Q2 - 1(^2 + Ki)uj^ - 

P4 = P3 ^1 + P4 02 - 5(^1 + Jl) - 5^20;^ + Q3 + <54 

for some functions Pi, Qi on B. Now we compute 
= d{d6i) mod {6'i,a;^,a;^} 

= Ai{P2 - P4) O2 A to'^ A iO^ =>P4 = P2 

= d{de2) mod {02, lo\lu'^} 

= A2{P3 - Pi) 01 A uj^ A uj^ ^ P3 = Pi 

0=d{d9i) mod {(91.6*2,^3} 

= Ai(iif4 - J4 - Q4)t^"^ A Aw" => (34 = 5-ft^4 - J4 

O = d{d02) mod {6li,6i2,w^} 

= A2(i J2 - - Q2) UJ^AUJ^AU)^ ^Q2 = hJ2 - K; 



2 



O = d{d0i) mod {wSu;-',^'^} 

= -BiQieiA92Au)'^ =^Qi=0 
= d{d02) mod w^, w^} 

= -B3Q3 0iA02Au)^ ^Q3 = 

O = did0i) modjwSw^a;"} 

= (iif4i4- A2P2)6'l A6'2Aw3 ^P 

0=d{d92) mod {lj'^,uj^,uj^} 



2A2 



{AiPi-U2Li)eiA02Auj^ ^ Pi 



J2L 



= d{d0i) mod 6'i 

= (lAi/^Ta- i^iA2- Aw^Aw^ ^ ^^3 = 

= d{d02) mod 02 

= {^A2Ji- ^AiA2-l)u)^ Auj^ Auj'^ ^Ji = 

^2 

= ^(^6*1) mod {02,10^, LU^} 

^ (^-(-^^Z^)') 01 A A ^ (^1^2)^ = 1. 

^1^2 



2yli 

A1A2 + 2 
Ai 

Ai^2 + 2 
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Since we require A1A2 ^ 1, we must have A1A2 = —1, and therefore A2 
Continuing, we have 

= d{dei) mod {6»2,a;\a;^} 

_ {H2 - AIG4) a . 2 . 4 



Ai 

= d{dLO^) mod {w^t^^w''} 
_ Bi{L2-AiLi) 



A A =^ H2= Aid 

iA6'2Aw^ => 1/2 = ^l-f-l 



= d{duj^) mod {uj^.,uj'^,uj'^} 

= -^3(^4 + A1L3) 6*1 A 6*2 A =^L4 = -AiL3 

= d{dLU^) mod {6li,6l2,w'^} 

(g3G3M2 - B,K4) 1 ^ 2 ^ 3 ^ B3G3M2 

= w A w A w 4 = 

O = d{dio^) mod {6»i,6»2,a;^} 

{B1H1M4 - B3J2) 1,3,4 r B1H1M4 

= oj Au^ Aw => J2 = 5 

Bi Bs 

= d{duj'^) mod {w\w3,a;'*} 

= BiM2 0iA02AuJ^ ^M2 = 

O = d{doj^) mod {uj\io^,LU^} 

= B3M4 61 A 62 A u}'^ => M4 = 0. 



Now we have 

= didOi) = [-A1K2 A + ^ A - A1G3 A - ^ A a; 

Ai Ai 

^ Gs = Hi = J4 = K2 = 

= d{dLO^) mod {6'2,w^w^} 

= A^B, ^lA'^Ac. ^Li- ^ 

= d{dLo'^) mod {ei,uj\u;^} 

^ -B,{B,+ AIG4L,) ^ ^2 ^ ^4 AIG4L, = 0. 

B\ 

Since i?i 7^ 0, this implies that G^jL^^O and L3 = — . 
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The structure equations now take the form 

ddi = 6*1 A (Ai oj'^ + ^ uj^) + Ai uj'^ A uj'^ + Lj^ A uj'^ 
Ai 

(192 = -O2 A {Ai oj'^ + uj^) + iv^ /\ uj'^ - /\ uj'^ 

A\ A\ 

du^ = (-^6(1+ Bi Q2 - G4 w^) A + 6I1 A d2 
A\ 

dw^ = {-^e,~^e2 + ^u:^) Au:^ +u:^ hu:' 
duj^ = {-B3 01 + A1B3 02 - AjGi w^) A uj^ + 3361 A 02 

By a transformation of the form (5.1) with 

1 , 1 

022 — —Tf^i O22 - 7== 

we can arrange that Ai = 1,6*4 = ±1- Let e = G4 = ±1; then the structure 
equations take the form 

dOi A (w^ + Lu'-^) + uj'^ A Lj'^ + uj^ A uj'^ 

d02 = -62 A {bJ^ + uj'^) + uj'^ A bj"^ - Lo'-^ A 10"^ 

duj^ = [Bi 61 + Bi 6*2 - suj-^) Auj^ + Bi0iA 62 

d[j2 ^ {^eBi 6*1 - eSa 6*2 + 15^ t^*) A + cj^ A w'' 

= (-B3 6I1 + 6*2 -euj"^) Auj^ + B3 Oi A 62 

dcj'^ = {eBi 01 - eBi 6*2 + — uj"^) A tJ^ + t^^ A u"^ . 

B3 

The next section contains a discussion of frame bundles which will be necessary in 
order to interpret these structure equations and those of the previous section. 

10. Local geometry of surfaces in 3-dimensional Riemannian and 

lorentzian space forms 

First we will discuss the familiar geometry of surfaces in 3-dimensional Euclidean 
space; then we can examine what changes when the curvature and/or the signature 
of the underlying space form is allowed to vary. 

Let E'^ denote the vector space M.^ with the Euclidean inner product 

{x, y) ~ x^y^ + x^y"^ + x^y^ . 

An orthonormal frame at a point a; G E'^ an orthonormal basis {61,62,63} for the 
tangent space T^K^ ■ The set of all orthonormal frames at all points of E'^ is called 
the frame bundle of E"^, denoted it is a principal bundle over E'^ whose fiber 

over each point a; G E'^ is naturally isomorphic to the Lie group 0(3) (or, if we 
require our frames to be positively oriented, 5*0(3)). 
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The frame bundle !F{K^) is in fact naturally isomorphic to the Lie group £'(3), 
the group of isometries of E^. Recall that 



1 



: AeO{S),b€E-' 



If we represent a vector y G E"^ by the 4-dimensional vector 
i?(3) act on y by matrix multiplication: 



then elements of 



'A b 




y 




'Ay + b 


1 




1 




1 



An orthonormal frame {ei, 62, 63} at a; G E"^ may be regarded as an element of E{3) 
by letting A be the matrix whose columns are the vectors ei, 62, 63 and letting 6 be 
the vector x. 

The vectors x, ei, 62, 63 may all be thought of as E'^-valued functions on JF(E'^). 
Thus their exterior derivatives dx,dei are TE'^-valued 1-forms on !F{M'^). Since 
{61,62,63} is a basis for the tangent space to E^ at each point, we can express 
dx^dci as linear combinations of 61,62,63 whose coefficients are ordinary scalar- 
valued 1-forms on J-{¥.'^). Hence we can define 1-forms ry', rjj, 1 < < 3, on 
JF(E'^) by the equations 

(10.1) 



dx 



dci 



E 

i=l 
3 

E ^3 n 



The 1-forms rj^^rf'^rf are semi-basic for the natural projection tt : !F{E?) E^. 
They have the property that if cr : E^ ^ ^(E'^) is a section of the frame bundle 
defined by 

a{x) = (6i(x),62(a;),63(x)), 

then the puUbacks <T*{r]^) are dual to the basis {6i(x), 62(0;), 63(0;)} for the tangent 
space TjjE^ at each point x G E^. Thus the forms {ct*(7?^), cr* (77^), ct* (77^)} are a 
basis for the 1-forms on E'^. For this reason, the rj^ are called the dual forms on 
^(E^). The rij, on the other hand, form a basis for the 1-forms on each fiber of tt. 
If cr is a section as above, then the puUbacks cr*(?7*) are the Levi-Civita connection 
forms of the Euclidean metric on E'^ for the frame defined by a. For this reason, 
the rjj are called the connection forms on J-"(E^). Together, the forms {77*, rj^} form 
a basis for the left-invariant forms on the group E{3), and hence for the Lie algebra 
e(3). 



Differentiating equations (10.1) shows that the forms 77*, r]f satisfy the structure 
equations 



(10.2) 



3 

dv' = -J2 '^i ^ '^^ 
3 

dv) = -Y.vl^v'- 

k=l 
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(These equations are equivalent to the structure equations for the Lie algebra e(3).) 
Differentiating the equations 

shows that 77] = —rjf ; in particular, 77^ = for i = 1, 2, 3. 

Now let U cM? he open and let X : [/ ^ be a regular surface. An adapted 
orthonormal frame field along X is a choice, for each x G X, of an orthonormal 
frame {61,62,63} at x such that the vectors 61,62 form a basis for the tangent 
space T^X (and hence 63 is a unit normal vector to X at x.) If {61, 62, 63} is an 
adapted orthonormal frame field, then any other adapted orthonormal frame field 
{ 61, 62, 63} has the form 

ei = ±[(cos ip) ei — (sin f) 62] 

62 = ±[{sinifi) ei + {cos If) 62] 

63 = ±63 

for some function ip on X. (The ambiguities of sign can be removed by specifying 
a choice of unit normal and requiring that the frame field be positively oriented.) 

A choice of an adapted orthonormal frame field may be thought of as a lifting 
X : U ^ J^(E'^). Now consider the puUbacks of the forms via X to the 

surface X. (The pullback notation will be omitted for simplicity.) Since 61,62 
form a basis for TjX at each point x X, the 1-form dx = '^ei'T]^ must be a 
linear combination of ei and 62; therefore, rj^ = 0. Moreover, the 1-forms ri^,rf' are 
linearly independent and so form a basis for the 1-forms on X. Differentiating the 
equation rj^ = yields 

{) = drf' = -tjI a 7?^ - r?2 a r?^. 
By Cartan's Lemma, there exist functions /in, ft.12, /i22 on X such that 

Vi = hii f]^ + hi2 
1I2 = hi2r]^ + /i22?7^- 
The structure equations for the dual forms can now be written in the form 
(10.3) drj^ = -ril A 7?^ 

drj^ = nlhri^ 

where is the Levi-Civita connection form for the induced metric on X. The first 
and second fundamental forms of X are 

/=(dX,dX) = (r;i)2 + (77^)2 

// = {dX, des) = hn {ri^ f + 2hi2 + ^-22 (77')'. 
The Gauss curvature of AT is defined to be the determinant of //, i.e., 

K = /111/122 - /l?2) 

and the structure equation for the Levi-Civita form 772 can now be written in the 
form 

rf772 =Kri^ At]'^. 
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(This is called the Gauss equation.) The mean curvature ff of X is defined to be 
one-half of the trace of // with respect to the metric defined by /, i.e., 

if = ^(/iii + M- 

The quantities K and H arc independent (up to the sign of H) of the choice of 
adapted orthonormal frame field on X. Note that 

7]? A 77I = {hiih22 - hj^) 77I A = K ryi A rj^ 

Vi A + A ryl = (/in + /i22) 77^ A 77^ = 2H t]^ Arj^. 

So for instance, let X : fj — > be any surface whose Gauss curvature K satisfies 
K = —1. IfX:f7— > ^(E^) is any choice of adapted orthonormal coframing along 
X, then the image of X is an integral manifold of the exterior differential system 

i = {77^, dT]^, 7^1 A 772 + r/^ A 7/^} 

on .F(E'^). But there is one further wrinkle to consider. Generally our objects 
of interest are surfaces, and while the unit normal vector 63 is determined up to 
sign by the surface, in general there is no canonical choice of basis {ei, 62} for the 
tangent spaces T^X. Rather than lifting X to the entire frame bundle JF(E'^), it is 
more natural to consider liftings of X to the space M of contact elements of E^. 
This is the space of tangent planes to points of E^, and if we allow these planes to 
be oriented by a choice of unit normal vector, M may be described as 

M = {{X, 63) : X e E3, 63 e T^E3, (63, 63) = 1}. 

This is a 5-dimensional manifold, and it is naturally the quotient of .F(E^) by the 

circle action consisting of rotations between ei and 62 at each point. 

The 1-form 77^ is well-defined on M, and in fact it is a contact form on M. 
The forms , v"^ , Vi ^ 'n2 semi-basic for the natural projection .F(E^) — > M, and 
the form 772 spans the cotangent space of each fiber of the projection. While the 
forms 77^, 77^, 77i, 772 are not well-defined on M, certain combinations of them are. In 
particular, since 77^ is well-defined on M, so is the form 

dri^ = -tjI A 77^ - 77! A 77^. 

In addition, the area form 77^ A 77^ is well-defined on M, as are the 2-forms rif A 77! 
and ril Ari^ +ri^ A rj^ which describe Gaiiss and mean curvature. So in the example 
above, the ideal I on JF(E^) actually projects to a well-defined ideal 

I={rf, drf, 7^3 A 771+77! A 772} 

on M. Integral manifolds of this ideal are the canonical liftings to M of surfaces 
in E^ with constant Gauss curvature K = —1. Furthermore, in this case the pair 
(M,I) is a hyperbolic Monge- Ampere system. 

These constructions can all be carried out when E^ is replaced by the space forms 
5'^, H^, by flat Lorentzian space (which we will denote E^^^), or by Lorentzian space 
forms of constant sectional curvature 1 or —1 (which we will denote S'^'^ and H^'-^, 
respectively). In each case the frame bundle will be isomorphic to the Lie group 
of isometrics of the underlying space form, and the structure equations will vary 
depending on the group. In addition, in the Lorentzian case there will be variations 
depending on whether we are considering spacelike or timelike surfaces. In either 
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case we choose orthonormal frames along the surface with ei and 62 tangent to the 
surface; in the spacehke case we choose frames with 

(ei, ei) = (62, 62) = 1, (63, 63) = -1, 

and in the timehke case we choose frames with 

(ei, ei) = (63, 63) = 1, (62, 62) = -1. 

For spacehke surfaces in either Riemannian or Lorentzian space forms, the Gauss 
equation 

is taken as a definition of the Gauss curvature of the surface. For timehke surfaces 
in Lorentzian space forms, the analog of the Gauss equation is 



(See 1 13 for a discussion of curvature in Lorentzian spaces.) Moreover, whenever 
the underlying space form has nonzero sectional curvature Kq, the relationship of 
between the Gauss curvature K oi a, surface and the second fundamental form of 
the surface is 

K^Ko + {hnh22 - hl^) 

when the underlying space form is Riemannian and 

K^Ko- {hnh22 - h\^) 

for either spacelike or timehke surfaces when the underlying space form is Lorent- 
zian. Thus we have 

77? A 7i = {K~ Ko) A 
for surfaces in Riemannian space forms and 

for either spacelike or timelike surfaces in Lorentzian space forms. Finally, for 
timelike surfaces in Lorentzian space forms the mean curvature is defined to be 
one-half of the trace of // with repect to the Lorentzian metric /, so 

H=l{hii-h22). 

In this case we have 

775* A 77^ - A 77^ = (/ill - h22)v^ At]^ = 2Ht]^ Aif. 
The structure equations in the various cases are: 

• Surfaces in E'^: the frame bundle is isomorphic to £'(3), and the structure 
equations are 

3 
3 



fc=i 



with ijj = —r]: 
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Surfaces in S^: the frame bundle is isomorphic to 0(4), and the structure 
equations are 

3 
3 

fe=i 

with ?7] = —rjf. 

Surfaces in H^: the frame bundle is isomorphic to 0(3, 1), and the structure 
equations are 

3 
3 

fe=i 

with rjj = -rf^. 

Spacelike surfaces in E^'^: the frame bundle is isomorphic to the Lorcntzian 
group E{2, 1) (i.e., the Lorentzian analog of E{3)), and the structure equa- 
tions are 

3 

i=i 
3 

dVj =-X]''fc^^i' 
fc=i 

with 4 = 0, ri1 = -1)1, ril = r]l, rg = 7^. 

Timelike surfaces in E^'^: the frame bundle is isomorphic to the Lorentzian 
group E{2, 1), and the structure equations are 

3 

dri' = -Yl "^J ^ ^ 

3 

dnj = -Y.'^k^^j' 

fc=i 

with 4 = 0, tjI= ril, rtl = -r]l, rg = r]l 

Spacelike surfaces in 5^'^: the frame bundle is isomorphic to 0(3, 1), and 
the structure equations are 

3 

dv' = -Yl 4 ^ ^ 

dvl = -vl A ?7| + A 7?2 
dvf = -ril A vl +ri^ f\r]^ 
dV2 = -Vl A r]l +rf Mff 
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with r]l — 0, rii — —ri\, rjs = Vi^ = V2- It is straightforward to show 
that this case is actually isomorphic to the case of surfaces in via the 

change of basis 

{r]K 'if, ril 7]l 7]l} ^ rjf, if, 7]l, rf , -r/^}. 

This correspondence sends surfaces of Gauss curvature JiT ^ — 1 in to 
their Gauss images, which are spacelike surfaces of Gauss curvature K ^ 1 

in S^'\ 

• Timelike surfaces in S"^'^: the frame bundle is isomorphic to 0(3, 1), and 
the structure equations are 

3 

dril = -vl Aril+rfhri' 
d-nl = -nl Mql-rf ^rf 

with 77,- =0, rjf = 'ri2, rjl = —rjf, rj^ = r/|. 

• Spacelike surfaces in M-^'^: the frame bundle is isomorphic to 0(2,2), and 
the structure equations are 



dr]' = 


3 






dril = 


-Vl A ?7i - A 77^ 


dril = 




d-nl = 






= vf, vl = vl 



• Timelike surfaces in H^'^: the frame bundle is isomorphic to 0(2,2), and 
the structure equations are 

3 

dTj' = - ^ rjj A r]^ 

dvl = -vl Avl+V^^v'^ 

dvl = -Vi Avl-V^^V^ 

dvl = -vl Avl+V^^v'^ 

with rji = 0, Vi= vl, vl = -vl, vl = vl 

11. Interpretation of Cases 3C and 3D 

In Cases 3C and 3D, we found a coframing {6i,62,iLJ^,u>^,u)'^, w**} whose structure 
equations have constant coefficients. This implies that the forms in the coframing 
form a Lie algebra. This in turn gives the manifold B a Lie group structure (at least 
locally) by regarding the forms in the coframing as the left-invariant forms on B. 
The first step in interpreting the structure equations is to identify the Lie algebra 
that they define, and in all but one case it turns out to be one of those described 
in the previous section. Then because the contact forms 9i , 62 are each determined 
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up to scalar multiples, we must find two distinct bases for the Lie algebra: a basis 
{v^i Vj} for which r|^^ is a multiple of 9i, and a basis {CQ} for which is a multiple 
of 02- The Backlund transformation is then given by the transformation relating 
these two bases for the Lie algebra. These transformations can all be described 
by geodesic congruences of some sort, in the same way that the classical Backlund 
transformation between pseudospherical surfaces is given by line congruences. 

These computations were carried out using the algorithm in [ p^ with the assis- 
tance of Maple. The algorithm divides into several cases depending on the value of 
Bi in case 3C and the values of Bi,B3,e in case 3D. The change-of-basis matrices 
are rather complicated and not very enlightening, so they will be omitted here. 

11.1. Case 3C. Recall that the structure equations in this case are 

dOi =9iA {ui^ + Lu^) + tj^ A tJ^ + A 
^6*2 = -6*2 A {ui^ + cj^) + A - A w'* 
dbj^ = Bi{9i A 6*2 + 01 A + 6*2 A + A w^) 

dui^ = ^ {Oi + 02 - uj^) A + A w'^ 
Bi 

dui^ = (6*1 -02- Bi u^) A uj^ 

dui^ = Oi A 62 - 9i A uj^ + 92 A uj'^ + Biuj"^ A uj^ + uj^ A u? 
with Bi ^ 0. Carrying out the algorithm described above shows that: 

• If Si 7^ 2, then the Lie algebra is so(2,2). For each of the two bases 
computed by the algorithm, the structure equations coincide with those for 
timelike surfaces in H^'^; moreover, the ideals Ii,l2 take the form 

11 = {ry^, dr]^, r]l A rf - 77^ A 773 - 2r]^ A 77^} 

12 = {C^ dC\ C! A - A Cl - 2^ A C^. 

So up to contact equivalence, B represents a transformation between time- 
like surfaces of constant mean curvature equal to 1 in H^'^. We note that 
the change-of-basis matrices have different expressions for Bi in the ranges 
Bi < 0, < Bi < 2, and Bi > 2. 

• Ifi?i = 2, then the Lie algebra is e(2, 1). For each of the two bases computed 
by the algorithm, the structure equations coincide with those for timelike 
surfaces in E^'-'^; moreover, the ideals Ii,l2 take the form 

11 = {77^, ^773, 77? A 77^ - 77I A rtl} 

12 = {C', de, C! A - A C2'}. 

So up to contact equivalence, B represents a transformation between time- 
like minimal surfaces in E^'^. This transformation is explored in detail in 

§• 

Thus we have the following theorem. 

Theorem 11.1. Let B C Mi x M2 be a homogeneous Backlund transformation 
with the vectors [Ci C2], [C3 C4], [Bi B2], [B3 B4] all nonzero, the pair 
[Ci C2], [Bi B2] linearly independent, and the pair [C3 C4], [B3 B4] linearly 
dependent. Then B is locally contact equivalent to either 

(1) A Backlund transformation between timelike minimal surfaces inK'^'^ , or 
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(2) A Bdcklund transformation between timelike surfaces of constant mean cur- 
vature equal to 1 in H^'^. 
In both cases, the transformation may be described in terms of geodesic congruences. 

11.2. Case 3D. Recall that the structure equations in this case are 

dOi =01 A {uj^ + uj^) + uj^ A uj'^ + uj^ A uj^ 
d92 = -O2 A (cj^ + w^) + A - uj^ A uj^ 
doj^ = {Bi 6*1 + J5i 6*2 - euj^) A + Si 6*1 A 62 

du? = {-eBs 6*1 - eBs 62 + -^ w^) A + A 

diJ = (-S3 6»i + B3 ^2 - £ w^) A + Bs 6»i A 6»2 

du^ = {sBi 6»i - eBi 62 + -^ w^) A + A 

-D3 

with Bi,B3 ^ and e = ±1. The algorithm described above divides into many 
cases depending on the values of these parameters. 

When £ = — 1, the B1B3 plane divides into regions as shown in Figure 1. The 
curve in this graph is defined by the equation 

ABfBl - ABfBa + 4BiB| + Bf + 2B1B3 + S| = 0, 

and it may be parametrized by 

for t 0. (The point corresponding to t = — 1 is (0,0) and so is not included in our 
parameter space.) For convenience, we define 

Q- = ABlBl - AB^Ba + AB^Bj + Bf + 2B1B3 + bI 

When the point (B-^jB^) is in the second or fourth quadrant, Q~ can be factored 
as 

Q~ = qiQ.2 

with 

= 2B,Bs -Bi+ Ba + 2^-BiB3 
= 2B1B3 -B1+B3- 2^/-BiB3. 
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Figure 1: E = -I 
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If = and t > (so that Bi < and Bs > i), then the Lie algebra 
is e(3). For each of the two bases computed by the algorithm, the structure 
equations coincide with those for surfaces in E^; moreover, the ideals Xi, J2 
take the form 

I2 = ne, Cf A C2' + A c'}. 

So up to contact equivalence, B represents a transformation between sur- 
faces of constant Gauss curvature K = —1 in E^. This is the classical 
Backlund transformation between pseudospherical surfaces, and the pa- 
rameter t along the curve Q~ = is a function of the usual parameter 
appearing in this transformation. 

If Q~ — and i < (so that either Bi > —5 or B3 < i), then the Lie 
algebra is e(2, 1). For each of the two bases computed by the algorithm, 
the structure equations coincide with those for spacelike surfaces in E^'^; 
moreover, the ideals Ti , T2 take the form 

Ji = dr]\ 77? A ril + A ry^} 

= {C', a A Cl + A C^- 

So up to contact equivalence, B represents a transformation between space- 
like surfaces of constant Gauss curvature K = 1 in E^'^. 
In Region I of Quadrant 2, the Lie algebra is 00(4). For each of the two 
bases computed by the algorithm, the structure equations coincide with 
those for surfaces in S^; moreover, the ideals Xi, J2 take the form 

Jr = {^^ dry^ rjfAvl+i^^^ ^ A r?^} 

I2 = {C^ rfC^ C?AC|+(^) C^AC^ 

So up to contact equivalence, B represents a transformation between sur- 
faces of constant Gauss curvature 

12 
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in S^. As {Bi,Ba) ranges over Region I, K takes values in the interval 
(0,1). 

• In Regions II and III of Quadrant 2 and in Quadrant 4, the Lie algebra is 
so (2, 2). For each of the two bases computed by the algorithm, the structure 
equations coincide with those for spacelike surfaces in H^'^; moreover, the 
ideals Ii , I2 take the form 

So up to contact equivalence, B represents a transformation between space- 
like surfaces of constant Gauss curvature 

Qi 

in H^'^ . As {Bi , ^3) ranges over these regions, K takes values in the interval 
(—1,0) in Regions II and III of Quadrant 2 and in the interval (0, 00) 
in Quadrant 4. We note that the change-of-basis matrices have different 
expressions in each of the three regions. 

• In Region IV of Quadrant 2, the Lie algebra is so(3, 1). For each of the 
two bases computed by the algorithm, the structure equations coincide 
with those for surfaces in H^, or equivalently, for spacclike surfaces in S"^'^. 
Regarded as surfaces in H^, the ideals Ii,l2 take the form 

Regarded as spacelike surfaces in 5^'^, the ideals Ii,l2 take the form 

X2 = {c^ dc\ Ci^Aci-(^) c^AC^}. 

So up to contact equivalence, B may be regarded as representing either a 
transformation between surfaces of constant Gauss curvature 

i^=^-l 

in H^, or a transformation between spacelike surfaces of constant Gauss 
curvature 

/f=l-^ 

92 

in S"^'^. In the first case K takes values in the interval (—00, —1) as {Bi, B3) 
ranges over Region IV, and in the second case K takes values in the interval 
(1, 00) as {Bi,Bz) ranges over Region IV. 



46 



JEANNE NIELSEN CLELLAND 



• In Quadrants 1 and 3, the Lie algebra is so (2, 2). For each of the two bases 
computed by the algorithm, the structure equations coincide with those for 
timelike surfaces in H^-^; moreover, the ideals Ti^T^ take the form 

V ^ 

V ^ 

So up to contact equivalence, B represents a transformation between time- 
like surfaces of constant mean curvature 
jj _ 2-Bi.B3 — Bi+ 

in H^''^. As {Bi,B^) ranges over these regions, H takes values in the in- 
terval (—1,1). We note that the change-of-basis matrices have different 
expressions in each quadrant. 
When e = 1, the B1B3 plane divides into regions as shown in Figure 2. The 
curve in this graph is defined by the equation 

ABfBj + ABfBa - ABiB^ + Bf + 2B1B3 + S| = 0, 

and it may be parametrized by 

for t ^ 0. (The point corresponding to i = — 1 is (0,0) and so is not included in our 
parameter space.) For convenience, we define 

Q+ = AB^bI + iBfB^ - iBiBl +BI + 2B1B3 + S|. 

When the point (BijB^) is in the second or fourth quadrant, can be factored 
as 

with 



q+ = 2B1B3 + B1-B3 + 2^-BiB3 
q+ = 2B1B3 + Bi-Bs- 2V--BiB3- 
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Figure 2: e = 1 
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• If = then the Lie algebra is e(2, 1). For each of the two bases computed 
by the algorithm, the structure equations coincide with those for timelike 
surfaces in E^'^; moreover, the ideals I\,l2 can be written either in the 
form 



So up to contact equivalence, B may be regarded as representing either 
a transformation between timelike surfaces of constant Gauss curvature 
K = 1 or a transformation between timelike surfaces of constant mean 
curvature = 1 in E^'^. 
• In Region I of Quadrant 4, the Lie algebra is so(2,2). For each of the 
two bases computed by the algorithm, the structure equations coincide 
with those for timelike surfaces in H^'^; moreover, the ideals Ii,l2 can be 
written either in the form 



Ii 



or in the form 




or in the form 
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So up to contact equivalence, B may be regarded as representing either a 
transformation between timelike surfaces of constant Gauss curvature 

or a transformation between timelike surfaces of constant mean curvature 
_ + Bi — Bs 



in H^'"'^. As {Bi,B^) ranges over Region I, K takes values in the interval 
(0, 1); meanwhile, H takes values in the interval (—00, —1). 
In Regions II and III of Quadrant 4 and in Quadrant 2, the Lie algebra is 
so (2, 2). For each of the two bases computed by the algorithm, the structure 
equations coincide with those for timelike surfaces in H^'^; moreover, the 
ideals Ti , T2 can be written either in the form 



it 



or in the form 



So up to contact equivalence, B may be regarded as representing either a 
transformation between timelikc surfaces of constant Gauss curvature 

9i 

or a transformation between timelike surfaces of constant mean curvature 
jj _ 2B1B3 + Bi — B3 

in H^'^. As {Bi , B3) ranges over these regions, K takes values in the interval 
(—1,0) in Regions II and III of Quadrant 4 and in the interval (0, 00) in 
Quadrant 2; meanwhile, H takes values in the interval (l,oo) in Regions 
II and III of Quadrant 4 and in the interval (—00, —1) in Quadrant 2. We 
note that the change-of-basis matrices have different expressions in each of 
the three regions. 

In Region IV of Quadrant 4, the Lie algebra is so(3, 1). For each of the 

two bases computed by the algorithm, the structure equations coincide with 
those for timelike surfaces in S'^'^; moreover, the ideals li,l2 can be written 
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either in the form 



I2 = {c^ dc\ cfAci-l'-i 

or in the form 



I2 = {c^ rfc^ c?Ac^-c^Aci-2Ui^ii^i^5^) c^Acn- 



So up to contact equivalence, ;B may be regarded as representing either a 
transformation between timehke surfaces of constant Gauss curvature 

or a transformation between timehke surfaces of constant mean curvature 

2B1B3 + Bi — B3 



H = 



in S"^'^. As ^3) ranges over Region IV, K takes values in the interval 
(1, oo)\ meanwhile, H ranges over all real numbers. 
• In Quadrants 1 and 3, the Lie algebra is so(3)0so(2, 1). The corresponding 
Lie group is denoted 5*0* (4) in Cartan's list of Lie groups as described in 
This group has no natural 3-dimensional quotients compatible with 
the contact structures given by 9i and 62 , and so there is no natural way to 
regard these examples as transformations of surfaces in any 3-dimensional 
space. They may naturally be regarded as transformations of certain sur- 
faces in a 5-dimensional quotient space of S'0*(4). 
Putting all these cases together yields the following theorem. 

Theorem 11.2. Let B C Mi x M2 be a homogeneous Bdcklund transformation 
with the vectors [Ci C2], [C3 C4], [Bi B2], [B3 B4] all nonzero and the pairs 
[Ci C2], [Bi B2] and [C3 C4], [B3 B4] both linearly independent. Then B is 
locally contact equivalent to one of the following: 

(1) A Bdcklund transformation between surfaces of constant negative Gauss 
curvature in ¥? 

(2) A Bdcklund transformation between surfaces of constant Gauss curvature 
< K <1 m 

(3) A Bdcklund transformation between surfaces of constant Gauss curvature 
-00 < K < -1 m 

(4) A Bdcklund transformation between spacelike surfaces of constant positive 
Gauss curvature in E^'^ 

(5) A Bdcklund transformation between timelike surfaces of constant positive 
Gauss curvature, or equivalently, constant nonzero mean curvature, in E^'^ 

(6) A Bdcklund transformation between spacelike surfaces of constant Gauss 
curvature 1 < K < 00 in S''^'^ 
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(7) A Bdcklund transformation between timelike surfaces of constant Gauss 
curvature \ < K < oo, or equivalently, constant mean curvature iJ G R, in 

(8) A Bdcklund transformation between spacelike surfaces of constant Gauss 
curvature —1 < K < oo, K ^ in iP''^ 

(9) A Bdcklund transformation between timelike surfaces of constant Gauss 
curvature —1 < K < oo, K ^ 0, or equivalently, constant mean curvature 
\H\ > I, mlP'^ 

(10) A Bdcklund transformation between timelike surfaces of constant mean cur- 
vature \H\ <1 in H^'^ 

(11) A Bdcklund transformation between certain surfaces in a 5-dimensional 
quotient space of SO* (A). 

In all cases, the transformation may be described in terms of geodesic congruences. 

12. Conclusion 



Theorems 3.1, 4.1, 6.2, 7.1, 11.1, and 11.2 may be combined to yield the foUowing 
resuh. 

Theorem 12.1. Let B C Mi x M2 be a homogeneous Bdcklund transformation. 
Then B is locally contact equivalent to one of the following: 



(1 
(2 

(3 

(4 

(5 

(6 

(7 



(9 
(10 

(11 



(12 
(13 

(14 



A Bdcklund transformation between solutions of the wave equation z^y = 
A holonomic Bdcklund transformation of the form described in Theorem 



6A 

The classical Bdcklund transformation between the wave equation z^y = 
and Liouville's equation z^y — e^ 

A Bdcklund transformation between surfaces of constant negative Gauss 
curvature in E'^ 

A Bdcklund transformation between surfaces of constant Gauss curvature 
< K <1 m 

A Bdcklund transformation between surfaces of constant Gauss curvature 
-00 < K < -1 inM^ 

A Bdcklund transformation between spacelike surfaces of constant positive 
Gauss curvature in E^'-'^ 

A Bdcklund transformation between timelike surfaces of constant positive 
Gauss curvature, or equivalently, constant nonzero mean curvature, in¥?'^ 
A Bdcklund transformation between timelike minimal surfaces in K'^'^ 
A Bdcklund transformation between spacelike surfaces of constant Gauss 
curvature 1 < K < 00 in S^'^ 

A Bdcklund transformation between timelike surfaces of constant Gauss 
curvature 1 < K < 00, or equivalently, constant mean curvature iJ € R, in 

A Bdcklund transformation between spacelike surfaces of constant Gauss 
curvature ~1 < K < 00, K ^ Q in 'M?'^ 

A Bdcklund transformation between timelike surfaces of constant Gauss 
curvature —1 < K < 00, K ^ 0, or equivalently, constant mean curvature 
\H\ > 1, mlP'^ 

A Bdcklund transformation between timelike surfaces of constant mean cur- 
vature \H\ <1 in tf'^ 
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(15) A Bdcklund transformation between certain surfaces in a 5- dimensional 
quotient space of SO* (4) . 

Now this is certainly not the end of the story. There are interesting Backlund 
transformations which are not homogeneous; in particular, the classical Backlund 
transformation for the sine-Gordon equation does not appear on this list. Moreover, 
the notion of Backlund transformation used here does not take into account the 
presence of the arbitrary parameter A that plays such an important role in the 
theory of Backlund transformations of integrable systems such as the sine-Gordon 
equation. We hope to address these and other issues in future papers. 
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